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Given a convex body Kin Euclidean space, a necessary and sufficient condition 
is established in order that for each n there exists a homothetic copy of K con- 
taining exactly n lattice points. Similar theorems are proved for congruent copies 
of K and for discrete sets other than lattices. 
1. INTRODUCTION 
If D is a lattice in euclidean d-dimensional space Rd, or, more generally, 
an arbitrary infinite discrete subset of Rd, and if n is a given natural number, 
then it can be shown that there exists a (solid) sphere in Rd containing exactly 
IZ points of Di For a discussion of this and related results see [2], [4, Chap. Ill, 
and the references given there. Actually, in [2] a corresponding result has 
been formulated, with the spheres replaced by homothetic copies of an 
arbitrary convex body, but the proof given there is valid only for strictly 
convex bodies (i.e., convex bodies without line segments in their boundary). 
It is obvious that convexity alone is not sufficient, since in R2 no square 
with sides parallel to the coordinate axes contains exactly three points with 
integral coordinates in its interior. On the other hand, it is also easily seen 
that strict convexity is not a necessary condition for the validity of the above 
conclusion. In the present paper we find a necessary and sufficient condition 
that for every natural number n there is a homothetic copy of a given convex 
body K containing exactly n points from a given discrete subset of Rd. We 
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also prove a corresponding theorem where rotations of K are permitted, 
but no additional assumptions are made about the regularity of K. 
Instead of counting points of D in K we prefer to focus our attention on 
points of D on the boundary of K. In particular, we are interested in the 
question whether every homothetic copy of K of the form p + AK, for some 
fixed p, contains at most one point of D on its boundary. If this question 
can be answered affirmatively, it follows immediately (letting h increase 
continuously to cc) that for each n there is a h such that p + hK contains 
exactly n points, thus solving our original problem. 
The following section contains some definitions, while Section 3 is devoted 
to certain auxiliary results. The main theorems, together with proofs and 
corollaries, are in Section 4. 
2. DEFINITIONS 
By a convex body in Rd we mean, as usual, a compact convex subset with 
nonempty interior. A convex surface is the boundary of a convex body. 
Since our results are either trivial or invalid if d < 2, we assume always 
that d > 2. By a patch on a convex surface F we mean the intersection of F 
with an open ball with center on F. A cylindrical patch of direction u on F is 
a patch each of whose points is contained in a relatively open line segment 
which has direction u and is a subset of F. We shall say that F is nowhere 
cylindrical if it contains no cylindrical patch. 
Let K be a convex body in Rd having the origin o as an interior point. 
Then the gauge function (or distance jiinction)f: Rd + R of K is defined by 
f(p) = inf{X: X > 0, p/X E K} (P E Rd). 
f(p) is known to be a convex function (and therefore a continuous function) 
on Rd. The restriction off to any 2-flat E containing o is the gauge function 
of K n E relative to E. A detailed discussion and further references regarding 
gauge functions may be found in [I, Sect. 141. If a, b E Rd, a # b, we define 
the equidistant set of a, b (with respect to the distance function f) by 
Eta, 4 = {P: P E Rd,f(p - a) = f(~ - b)). 
Thus E(a, b) is the set of all pointsp such that the distance from a top is equal 
to the distance from b to p, in the Minkowski metric determined by K. 
Note that E(a, b) is closed, since it is the set of zeros of a continuous function. 
Let M be any subset of Rd. Ifp E Rd and h > 0, thenp + AM, the set of all 
points of the form p + Aq for q E M, is said to be homothetic to M, or a 
homothetic copy of M. 
By a discrete subset of Rd we mean a set D without accumulation points 
in Rd. Any such set must of course be countable. 
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3. SOME LEMMAS 
LEMMA 1. Let g: R --+ R be a convex function, and let c E R, c # 0. If 
A C R and g(x - c) = g(x) for all x E A, then g is constant on A. 
Proof. If the lemma were not true one could find two different points x1 , 
x, in A so that g(xl) < g(x,). Replacing g(x) by g( -x), if necessary, we may 
assume that x1 < x2 . Furthermore, there is no loss in generality in assuming 
that c > 0, since, if this is not already the case, we have only to note that 
g(x - (-c)) = g(x) on A - c, and that g is constant on A if it is constant 
on A - c. Under these assumptions we have x1 - c < xz - c < xp and 
hence x2 - c = X(x, - c) + (1 - A) x2 for some h with 0 < h < 1. 
Together with g(x, - c) = g(x,) (i = 1, 2) we obtain therefore, using the 
convexity of g, g(xJ = g(x, - c) < hg(x, - c) + (1 - A) g(x2) = hg(x,) + 
(1 - A) g(xz), and consequently g(xJ < g(xl). Since this contradicts our 
initial assumption that g(x,) < g(xg), the lemma is proved. 
LEMMA 2. Let K be a convex body in R2 having o as an interior point, and 
let a be a point of R2 with a # o. If the equidistant set E(a, o) of a and o 
determined by K has an interior point q, then the boundary of K contains a line 
segment parallel to a (considered as a vector), and this line segment contains 
the point q/f(q), where f is the gauge function of K. 
Proof. If 1 is the line through q parallel to the vector a, then I n E(a, o) 
contains an interval I C 1. We have then f (p - a) = f(p) for every p E I. 
The restriction off to 1 is a convex function (using an appropriate para- 
metrization of Z) to which Lemma 1 may be applied. It follows that f is 
constant on I. The line segment {p/f(p): p E I> then obviously has the 
desired properties. 
LEMMA 3. Let K be a convex body in Rd having o as an interior point, 
and let a be a point of Rd with a # o. Then the equidistant set E(a, o) of a and o 
determined by K has nonempty interior if and only tf the boundary of K contains 
a cylindrical patch of the same direction as the vector a. 
Proof Suppose E(a, o) has nonempty interior. Let B be an open ball 
contained in E(a, o), and let C be the cone generated by the rays emanating 
from o and passing through B. In other words, C = {hq: h > 0, q E B). 
Note that C is an open set. If F is the boundary of K, then C n F contains 
a patch P. Let p by any point of P. We have to show that p is in the relative 
interior of some line segment in F parallel to the vector a. Let q be an arbitrary 
point of the intersection of B with the ray starting at o and passing through p. 
Then an application of Lemma 2 to the intersection of K with the 2-flat 
containing o, a, and q yields a line segment in F containing p = q/f(q) and 
parallel to the vector a. Thus P is the desired cylindrical patch. 
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Conversely, let us assume F contains a cylindrical patch P of the same 
direction as the vector (I. We wish to prove that E(u, o) has nonempty 
interior. Let C, be the cone defined by C, = {Ap: h > 0, p E P}, and C, the 
cone a + C, . Then, C, n C, is an open set. Furthermore since C,, is open 
one can find two points, say c, and c2, in C, such that c2 - c, has the same 
direction as a. Hence there is a positive number y such that y(c2 - cJ = a, 
and this implies that the point yc2 = ycl + a is both in C, and C, . Thus 
C, n C, is not empty. Let now q be a point of C, n C, , and let I be the line 
through q parallel to u. Both points q and q - a belong to I n C,, . Hence, 
iffis the gauge function of K, thenf(q - a) = f(q), and therefore q E E(u, o). 
Thus, C, n C, C E(u, o), which implies that E(u, o) has nonempty interior. 
This completes the proof. 
LEMMA 4. Let Sd-l be the unit sphere in Rd. If N is a subset of Sd-l of 
(d - I)-dimensional spherical (Lebesgue) measure zero, and C is a countable 
subset of F--l, then there exists an element g in the special orthogonal group 
SO(d) SO that gN n C = o. 
Proof: Let p denote a Haar measure on SO(d) and let (T be the Lebesgue 
measure on Sd-l. If M is a sufficiently regular set on P-l, for example a 
spherical cap on Sd--l, and if p E P-l, then it is known that 
l-48: g E wa gP E M1 = cow), 
where c is a constant independent of A4 and p. In fact, this relationship can be 
viewed as a special case of the “kinematic principal formula” for spherical 
spaces (see [5]). If N is now a set in Sd-l with a(N) = 0 it can be covered by 
spherical caps of arbitrarily small total measure, and the usual procedures 
of measure theory yield 
,u{g: g E SO(d), gp E N} = 0. 
Thus, if C C Sd-l is countable, we find 
u {g:g~SO(d),gp~Nl < c /4g:g~Wd),gp~N) = 0. 
PSC PEC 
Therefore, there exists g E SO(d) not belonging to UgEC (g: g E SO(d), gp E N). 
For this g we have gC n N = 0, which is equivalent to the desired result. 
4. THE MAIN THEOREMS AND COROLLARIES 
THEOREM 1. If F is a nowhere cylindrical convex surface in Rd and D is a 
discrete subset of Rd, then there exists a point p in Rd such that every homothetic 
copy of F of the form p f W, h > 0, intersects D in ut most one point. On 
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the other hand, if F contains a cylindrical patch, then there exists a discrete 
subset D of Rd (in fact some lattice congruent to the lattice of all points with 
integral coordinates) such that for every p in Rd there is a h > 0 for which 
p + AF intersects D in at least two points. 
Proof. Let F be the boundary of a convex body K. We may assume, 
without loss of generality, that K has o as an interior point. If F contains no 
cylindrical patch, then for every pair of points p, q in Rd with p f q, the 
equidistant set E(p, q) determined by K is a closed set which, by Lemma 3, 
has no interior points (note that E(p, q) = E(p - q, o) + q). The collection 
of sets E(-a, -b), with a, b E D, is countable since D is countable. Hence, 
by the Baire Category theorem, there exists a point p in Rd such that -p 
does not belong to any of the sets E(--a, -b) with a, b E D, a f 6. Thus, 
for all such points a, b the gauge function f of K has the property that 
f(a - p) # f(b - p). If a convex surface p + AF would now contain two 
points a, b of D we would have f(a -p) = h and f(b -p) = A, and 
consequently f(a - p) = f(b - p), which we have shown to be impossible. 
Hence our choice of p has the required properties. 
For the purpose of a later application (in the proof of Theorem 2) we note 
that the same conclusion can be reached even if F contains cylindrical patches, 
so long as the directions of these patches are not the same as any of the 
vectors x - y with X, y E D. 
We wish now to prove the second part of our theorem. Let us assume that 
F contains a cylindrical patch of direction u. If x, y are any two points of Rd 
and if -p E E(--x, -y) then it follows immediately from the definition of 
the equidistant set that both x and y are contained in p + AF (for some A). 
Hence, to complete the proof we need only produce a discrete set D such that 
the collection of sets E(--a, -b) with a, b E D, a # 6, covers Rd. In order to 
do this we note that Lemma 3 implies, in the case we are dealing with, that 
E(o, -u) contains an open ball B. Let (pi}, i = 1, 2,..., be a discrete set of 
points such that UE1 (pi + B) = Rd. The set D of all points of the form -pi , 
U --pi, i = 1, 2 ,..., then fulfills the requirements of the theorem. It should 
also be noted that the points pi can clearly be selected so that they form a 
lattice with basis q1 , q2 ,..., qd , where for some positive integer m, qi . q, = 
&/m2 and q1 = u/m. But if this lattice has the property that there is no point p 
so that p + XF contains at most one lattice point, the same is true for the 
similar lattice generated by mq, , mq, ,..., mq, , which is a lattice of the type 
mentioned in the theorem. This completes the proof. 
The following corollary is an immediate consequence of the first part of 
Theorem 1 if one considers the situation as X tends to CO (as already mentioned 
in the introduction) and observes that p + AK contains at most one point of D 
if h is sufficiently small, and an arbitrarily large number of points of D if h is 
sufficiently large. 
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COROLLARY 1. Let K be a convex body in Rd whose boundary is nowhere 
cylindrical, and let D be an infinite discrete subset of Rd. Then, there exists a 
point p in R” such that for each natural number n there is a homothetic copy of K 
of the form p + AK that contains exactly n points of D. 
It may be worthwhile to formulate the following, more arithmetical, 
consequence of Theorem 1. 
COROLLARY 2. Let 4: Rd + R be a nonnegative, positively homogeneous 
function with the property that the set {x: 4(x) < l> is a convex body whose 
boundary is nowhere cylindrical. Then, there exist constants k, , k, ,..., kd such 
that for any nonnegative real number c the equation 
$(x1 - k, , x2 - k2 ,..., xd - kd) = c 
has at most one solution for integers x1 ,..., xd . 
THEOREM 2. Let F be an arbitrary convex surface in Rd and let D be a 
discrete subset of Rd. Then, one can find a point p E Rd and a rotation g c SO(d) 
so that every similar copy of F of the form p f X(gF), h > 0, intersects D in 
at most one point. 
Proof To each line segment t contained in F, let there correspond the 
pair of points on Sd-l where the line through o parallel to t intersects F-l. 
Let N be the set of all points on Sd-l obtained in this way. In other words, 
let N be the set of all directions parallel to line segments in F. It is proved in 
[3] that N is a set of (d - I)-dimensional spherical (Lebesgue) measure zero. 
Let C C Sd-l be the set of all directions parallel to vectors a - b with a, b E D, 
a # b. Then C is a countable subset of Sd--l, since D is countable. By Lemma 4 
there exists a rotation g E SO(d) such that gN n C = is. It follows that there 
is no line segment in gF parallel to any of the vectors a - b with a, b E D, 
a # b. As already remarked in the proof of Theorem 1, this guarantees the 
existence of a point p in Rd such that p + h(gF) contains at most one point 
of D for every X > 0. Thus, the proof is completed. 
Actually, this proof and the proof of Lemma 4 show that almost every 
rotation has the property stated in Theorem 2. 
Using the same reasoning as indicated before Corollary 1, we obtain 
immediately the following corollary. 
COROLLARY 3. Let K be an arbitrary convex body in Rd, and let D be an 
injmite discrete subset of Rd. Then there exists a point p in Rd and a rotation 
g E SO(d) such that for each natural number n there is a similar copy of K 
of the form p + h(gK), h > 0, that contains exactly n points of D. 
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